Abstract. We prove a precise inversion of adjunction formula for the log variety (C n+1 , X), where X is a non-degenerate hypersurface. As a corollary, the minimal log discrepancies of nondegenerate normal hypersurface singularities are bounded by dimension.
Introduction
A log variety (X, B) is a normal variety X endowed with an effective R-Weil divisor B such that K X +B is R-Cartier. For each point P ∈ X, the minimal log discrepancy a(P ; X, B) is an invariant of the singularity of the log variety (X, B) at P . In connection to the termination of flips in the Minimal Model Program, V.V. Shokurov conjectured certain spectral properties of minimal log discrepancies, in particular that they are bounded by the dimension of the variety [9] . This is known to hold if dim X ≤ 3 , or if X is a toric variety and B is an invariant divisor [8, 7, 4, 3, 1] . Our main result adds to this list the case of non-degenerate hypersurface singularities:
Main Theorem . Let 0 ∈ X ⊂ C n+1 be the germ of a normal, nondegenerate hypersurface singularity. Then (i) a(0; X) = a(0; C n+1 , X). (ii) a(0; X) ≤ n, and equality holds if and only if X is nonsingular.
The first statement is a precise inversion of adjunction for the log variety (C n+1 , X). Inversion of adjunction [10] has been used by V.V. Shokurov in his construction of 3-fold flips, and is conjectured to hold for any log variety (see [5, 6] ). The effective upper bound is an immediate corollary.
As for the proof of the theorem, it is enough to consider weighted valuations only, since non-degenerate hypersurfaces can be resolved by standard toric methods (Lemma 1.2). Via the key Lemma 3.1, suffices to show that the log discrepancy function attains its minimum inside some proper cone of the Newton fan associated with the hypersurface X (Proposition 2.1).
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Preliminary
Let (X, B) be a normal variety X endowed with an effective R-divisor B such that K + B is R-Cartier. For a resolution µ :X → X, there exists a unique divisorB on Y such that µ * (K X + B) = KX +B and B = B onX \ Exc(µ). The identityB = E⊂X (1 − a(E; X, B))E associates to each prime divisor E ofX a real number a(E; X, B), called the log discrepancy of E with respect to (X, B). The invariant a(E; X, B) depends only on the valuation defined by E on the field of rational functions of X, with center c X (E) = µ(E).
We say that µ is a log resolution of (X, B) if Supp(µ −1 (B)) ∪ Exc(µ) is a divisor with simple normal crossings. The minimal log discrepancy of a log pair (X, B) at a point P ∈ X is a(P ; X, B) = inf
where the infimum is taken after all prime divisors on resolutions of X, having P as a center on X [9] . The log pair (X, B) has only log canonical singularities if a(E; X, B) ≥ 0 for every valuation E of X. Minimal log discrepancies are computed as follows: let (X,B) be a log resolution such that µ −1 (P ) is a divisor. Let ∪ i E i be the divisor with normal crossings supporting Exc(µ) andB. If min c X (E i )=P a(E i ; X, B) < 0 then a(P ; X, B) = −∞. Otherwise, a(P ; X, B) = min c X (E i )=P a(E i ; B) ∈ R ≥0 and (X, B) has only log canonical singularities in a neighborhood of P .
To any hypersurface X : (f = 0) ⊂ C n+1 one can associate a fan, which is a subdivision of the standard cone. We recall below this construction, and we also fix the notation. Fixing coordinates, we indentify C n+1 with the toric variety T N (σ), where σ is the standard cone, with basis {e 0 , . . . , e n }. The Newton polyhedron of f , denoted Γ + , is the convex hull of
The trace of a covector a ∈ σ is tr(a) = {m ∈ Γ + ; (a, m) = l Γ (a)}. The faces of Γ + are the traces of covectors a ∈ σ. Compact faces are the traces of covectors a ∈ relint(σ), while non-compact faces can be written as γ + σ ∨ I , where γ is a compact face and σ
We say that two covectors a and a ′ are equivalent if they have the same trace. The closures of equivalence classes are closed cones forming a fan Σ f = Σ Γ(f ) , which is a subdivision of the standard fan {σ}. Each cone can be represented as σ γ,I := {a ∈ σ I ; (a, m) = l Γ (a) ∀m ∈ γ}, σ γ,I ∩ relint(σ I ) = ∅ where γ is a compact face of Γ and I is a subset of {1, . . . , n}. We drop I from notation if I = ∅. The cones containing σ γ,I are {σ τ,J ; τ ≺ γ, J ⊂ I}. We say that a cone of Σ f is proper if it is not maximal dimensional. Note that the supporting function l Γ is linear on each cone: l Γ (a) = (a, m), if a ∈ σ γ and m is a point of γ. n is a log resolution of (C n , X) over a neighbourhood of 0, and µ −1 (0) is a divisor.
The log discrepancy function
For δ ∈ Shed(σ ∨ ), the log discrepancy function is defined as
The function ϕ measures the singularities of the pair
where H i are the coordinate hyperplane sections: if a ∈ σ ∩ N is a primitive covector, and E a is the exceptional divisor of the a-weighted blow up, then a(E a ;
. We assume until the end of this section that ϕ is non-negative, which is equivalent to δ ∈ Γ + ∩ Shed(σ ∨ ). In particular, ϕ has a minimum.
Proposition 2.1. The restriction ϕ : N ∩ relint(σ) → R attains its minimum inside some proper cone of Σ f .
We first remark that ϕ has the following properties: -ϕ(ca) = c · ϕ(a) for c > 0.
, and equality holds iff tr(a) ∩ tr(a ′ ) = ∅. -The zero locus Z(ϕ) := {a ∈ σ; ϕ(a) = 0} is a cone σ γ,I of Σ Γ .
Indeed, one can write (not uniquely) δ = i λ i m i +r, where {m i } are the vertices of a compact face γ of Γ, λ i > 0 ∀i, i λ i = 1, and r ∈ σ ∨ . Then Z(ϕ) = σ γ ∩ r ⊥ . Note that δ ∈ relint(γ + σ ∨ I ). -The function ϕ can attain its minimum value only on cones containing Z(ϕ). Indeed, there exists e ∈ σ γ,I = Z(ϕ) such that tr Γ (e) = γ. If a ∈ σ \ ∪ m∈γ σ m , i.e. tr Γ (a) ∩ γ = ∅, then ϕ(a + e) < ϕ(a) + ϕ(e) = ϕ(a). Therefore ϕ cannot attain the minimum value at a. 
Proof of Proposition 2.1. Assume first that I = ∅. That is δ ∈ Γ, and Z(ϕ) = σ γ intersects relint(σ). If dim γ > 0 then the minimum is attained only in the proper cone σ γ . If dim γ = 0, ϕ is identically zero on the maximal cone σ γ . Assume I = ∅. We may assume δ i < 1 for all i ∈ I. This is sufficient, since the desired property of ϕ = ϕ δ is closed with respect to δ belonging to the convex polyhedron Γ + ∩ Shed(σ ∨ ). Assume by contradiction that minimum is not attained on proper cones. Let m be a vertex of γ such that ϕ attains its minimum inside the maximal cone σ m . Since δ i < 1 for all i ∈ I, we obtain e i ∈ σ m for all i ∈ I by Lemma 2.2. In fact, we obtain m i = 0 for all i ∈ I since ϕ is nonnegative and δ i < 1. By Lemma 2.2 again, ϕ attains minimum inside σ m ′ for some m ′ = m. Let m ∈ γ with m i = 0 ∀i ∈ I. Then the minimum of ϕ on σ m ∩ relint(σ) is attained on σ γ,I + i∈I e i . Indeed, for a ∈ σ m we have
+ i∈I e i ⊂ σ mm ′ and we are done.
3. Inversion of Adjunction 
Proof. T N (Σ) is covered by the open sets
corresponding to the maximal dimensional cones of Σ. Let τ ∈ Σ be a maximal cone such that E a ∩ U τ = ∅. The restriction µ : U τ → C n+1 can be identified with
where (a 0 , . . . , a n ) is the ordered skeleton of τ . We we may assume a = a 0 . Denote by X ′ the proper transform of X in T N (Σ). We have
where f τ = 0 is the equation of X ′ ∩ U τ . The divisor E a has equation
is attained in exactly one point. Since a ∈ relint(σ), this implies that the trace of a is a vertex of Γ, i.e. a belongs to the interior of some maximal cone of Σ Γ .
Proof of the Main Theorem. (i):
We may assume that X does not contain any of the coordinate hyperplanes. By Lemma 1.2, we obtain
where ϕ corresponds to δ = 1. Assume that a(0; C n+1 , X) = −∞. Then ϕ takes negative values. In particular, there exists a primitive vector a ∈ relint(σ) ∩ N contained in a proper cone of Σ f such that ϕ(a) < 0. Let Σ be a simple subdivision of the fan Σ Γ , such that a and 1 belong to its skeleton, and let µ : T N (Σ) → C n be the induced log resolution. By Lemma 3.1, the exceptional divisor E a intersects the proper transform X ′ of X, and Lemma 1.2 implies that a(0; X) ≤ a(E a ∩ X ′ ; X) = ϕ(a) < 0. Therefore a(0; X) = a(0; C n+1 , X). Assume that a(0; C n+1 , X) ≥ 0. In particular, ϕ is non-negative. By Proposition 2.1, there exists a primitive vector a ∈ relint(σ) ∩ N contained in a proper cone of Σ f such that ϕ(a) = min ϕ| relint(σ)∩N . The same argument as above implies that a(0; X) ≤ ϕ(a), hence a(0; X) = a(0; C n+1 , X). (ii): If E is the exceptional divisor of the blow up of C n+1 at 0, then a(E; C n+1 , X) = n − (mult 0 (f ) − 1). By (i), a(0; X) = a(0; C n+1 , X) ≤ n. It is clear that equality holds if and only if X is non-singular at 0.
